
第2章 1 「ラプラス変換」 第3回

解答

1. s
s2 + 4

(s > 0)

2. (1) 2 + 4s+ 4s2

s3
(2) s+ 4

(s+ 2)3
(3) s2 + 2

s(s2 + 4)
(4) s+ 3

(s+ 3)2 + 9
(5) 6s

(s2 + 9)2

(6) 2
s2 − 4

(7) 1
s(s+ 1)

(8) log
∣∣∣ s− 2
s− 3

∣∣∣ (9) s
s2 − 9

3. (1) f(t) = 2U(t− 1), L[f(t)] = 2e−s

s

(2) f(t) = U(t) + U(t− 1) + U(t− 2), L[f(t)] = 1 + e−s − e−2s

s

解説

1. s > 0 のとき， lim
t→∞

e−st cos 2t = 0, lim
t→∞

e−st sin 2t = 0 だから

F (s) =

∫ ∞

0

e−st cos 2t dt =

[
− 1

s
e−st cos 2t

]∞
0

− 2
s

∫ ∞

0

e−st sin 2t dt

= 1
s
− 2

s

([
− 1

s
e−st sin 2t

]∞
0

+ 2
s

∫ ∞

0

e−st cos 2t dt

)
= 1

s
− 4

s2
F (s)

よって F (s) + 4
s2

F (s) = 1
s

∴ L[cos 2t] = s
s2 + 4

(s > 0)

2. (1) L[(t+ 2)2] = L[t2 + 4t+ 4] = L[t2] + 4L[t] + 4L[1] = 2
s3

+ 4
s2

+ 4
s

= 2 + 4s+ 4s2

s3

(2) L[(t2 + t)e−2t] = L[t2e−2t + te−2t] = L[t2e−2t] + L[te−2t] = 2
(s+ 2)3

+ 1
(s+ 2)2

= s+ 4
(s+ 2)3

(3) L[cos2 t] = L
[
1 + cos 2t

2

]
= 1

2
(L[1] + L[cos 2t]) = 1

2

(
1
s
+ s

s2 + 4

)
= s2 + 2

s(s2 + 4)

(4) L[eαt cosβt] = s− α
(s− α)2 + β2 より L[e−3t cos 3t] = s+ 3

(s+ 3)2 + 9

(5) L[t sinωt] = 2ωs
(s2 + ω2)2

より L[t sin 3t] = 6s
(s2 + 32)2

= 6s
(s2 + 9)2

(6) L[sinhωt] = ω
s2 − ω2 より L[sinh 2t] = 2

s2 − 22
= 2

s2 − 4

(7) L
[∫ t

0

f(τ) dτ

]
= 1

s
F (s) より L

[∫ t

0

e−τ dτ

]
= 1

s
1

s+ 1
= 1

s(s+ 1)

(8) L
[
f(t)

t

]
=

∫ ∞

s

F (σ) dσ より L
[
e3t − e2t

t

]
=

∫ ∞

s

(
1

σ − 3
− 1

σ − 2

)
dσ

=

[
log |σ − 3| − log |σ − 2|

]∞
s

=

[
log

∣∣∣ σ − 3
σ − 2

∣∣∣]∞
s

= − log
∣∣∣ s− 3
s− 2

∣∣∣ = log
∣∣∣ s− 2
s− 3

∣∣∣
(9) L[f(t) ∗ g(t)] = L[f(t)]L[g(t)] より L[δ(t) ∗ cosh 3t] = L[δ(t)]L[cosh 3t] = 1 · s

s2 − 32
= s

s2 − 9

3. L[U(t− a)] = e−as

s
(a ≧ 0) である．

(1) L[2U(t− 1)] = 2e−s

s

(2) L[U(t)+U(t−1)+U(t−2)] = L[U(t)]+L[U(t−1)]+L[U(t−2)] = 1
s
+ e−s

s
+ e−2s

s
= 1 + e−s + e−2s

s




